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Rotating charged Gauss-Bonnet black hole solutions in higher dimensional (d > 4), asymp- 
totically anti-de Sitter spacetime are obtained in the small angular momentum limit. The 
angular momentum, magnetic dipolc moment, and the gyromagnetic ratio of the black holes 
are calculated and it turns out that the Gauss-Bonnet term does not affect to the gyromag- 
netic ratio. 
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I. INTRODUCTION 

Due to the AdS/CFT correspondence 0, 0, 3, over the past years a lot of attention has been 
focused on black holes in anti-de Sitter (AdS) space. It was convincingly argued by Witten 0] that 
thermodynamics of black holes in AdS spaces (AdS black holes) can be identified with that of a 
certain dual conformal field theory (CFT) in high temperature limit. With this correspondence, 
one can gain some insights into thermodynamic properties and phase structures of strong coupling 
CFTs by studying thermodynamics of AdS black holes. 

Nowadays it is well-known that the AdS Schwarzschild black hole is thermodynamically unstable 
when its horizon radius is small, while it is stable for large radius; there is a phase transition, 
named Hawking-Page phase transition [jj, between the large stable black hole and a thermal 
AdS space. This phase transition is explained by Witten [4|] as the confinement /deconfinement 
transition of Yang-Mills theory in the AdS/CFT correspondence. Thus it is of interest to consider 
rotating/charged generalization of black holes in AdS spaces. In the AdS/CFT correspondence, the 
rotating black holes in AdS space are dual to certain CFTs in a rotating space 0], while charged 
ones are dual to CFTs with chemical potential 0]. Indeed, the most general higher dimensional 
rotating black holes in AdS space have been recently found 0, 0| . 

On the other hand, it is also of interest to consider corrected AdS black holes due to higher 
derivative curvature terms in the low energy effective action of string theories. In the AdS/CFT 
correspondence, these higher derivative curvature terms correspond to the correction terms of large 
N expansion in the CFT side. 

Among the gravity theories with higher derivative curvature terms, the so-called Gauss-Bonnet 
gravity is of some special features. For example, first, the resulting field equations contain no 
higher derivative terms of the metric than second order and it has been proven to be free of ghosts 
when expanding about the flat space, evading any problems with unitarity; second, the Gauss- 
Bonnet term appears in the low energy effective action of heterotic string theory; and third, the 
most important is that in the Gauss-Bonnet gravity, the analytic expression of static, spherically 
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symmetric black hole solution can be found Eel. 11]. Indeed, the Gauss-Bonnet term gives rise 
to some interesting effect on the thermodynamics of black holes in AdS space 12, 13]. 

It is of great interest to find some rotating black hole solutions in the Gauss-Bonnet gravity. 
However, it is a rather hard task since the equations of motion of the theory are highly nonlinear 
ones. In this work, we would like to report on some results for slowly rotating black hole solutions 
in the Gauss-Bonnet gravity theory, here the rotating parameter appears as a small quantity. Such 



so-called slowly rotating black holes have also been investigated in other gravity theories [14 1 



181 ] . Here we would like to mention that some rotating black brane solutions have been obtained 



in the Gauss-Bonnet gravity theory in 19(], but those so-called rotating solutions are essentially 



obtained by a Lorentz boost from corresponding static ones; they are equivalent to static ones 
locally, although not equivalent globally. 

This paper is organized as follows. In the next section, we first present the slowly rotating 
Gauss-Bonnet black hole solutions in AdS space. The black hole horizon could be a surface with 
positive, zero, or negative constant scalar curvature. Some related thermodynamic quantities are 
calculated there. In Sec. Ill, we generalize to the charged case, and obtain the slowly rotating 
charged Gauss-Bonnet black hole solutions in AdS space. Sec. IV is a simple summary. 



II. SLOWLY ROTATING GAUSS-BONNET BLACK HOLES IN ADS SPACE 

The Einstein-Hilbert action with a Gauss-Bonnet term and a ne gat ive cosmological constant, 
A = — (d — l)(cZ — 2) /2Z 2 , in d dimensions can be written down as (gL lllj. [2o| 

S = J d d x^~g (r + (d ~ - 2) + a(R^ 5 R^ s - AR„ V R^ + R 2 ) - AirGF^F^ , 

(1) 

where a is the Gauss-Bonnet coefficient with dimension (length) 2 and is positive in the heterotic 
string theory. We therefore restrict ourselves to the case a > 0. The Gauss-Bonnet term is a 
topological invariant in four dimensions. Therefore d > 5 is assumed in this paper. Further, Fu V 
is the Maxwell field strength. Varying the action yields the equations of gravitational field 

iV - \b^R = (d ~ o,?~ 2) g^ + a (\gA R i^ RlSXa ~ ±R~,8R lS + R 2 ) 



2/2 w ' - y 2 
— 2RR fJiU + AR^R 1 V + iRrygR 1 ^ v — 2R^ 1 $\RJ 1&X 

+8vrG ( F^FS - - A g^F aP F a ^j . (2) 

We assume the metric being of the following form 

ds 2 = -f(r)dt 2 + y^y* 2 + r 2 h ij dx i dx j + 2ar 2 g{r)h{9)dtd(t), (3) 

where a is a constant. hijdx t dx :) represents the line element of a (d — 2)-dimensional hypersurface 
with constant curvature (d — 2)(d — 3)k and volume E^, where & is a constant. Without loss 
of generality, one may take k = 1, 0, and —1, respectively. When k = 1, one has hijdx l dx 3 = 
d0 2 + sin 2 8d(j) 2 + cos 2 6dVL 2 d _ 4 and h = sin 2 6; when k = 0, hijdx l dx^ = d9 2 + d<p 2 + dx 2 d _ 4 and 
h = 1; and when k = —1, hijdx % dx 1 = d6 + sinlr~ 8d(p + cosh 6dQ. d _ A and h = sinh 8, where 
dx 2 d _ 4 is the line element of a (d — 4)-dimensional Ricci flat Euclidian surface, while dil^^ denotes 
the line element of a (d — 4)-dimensional unit sphere. Thus, the horizon of the black hole ([3]) is a 



positive, zero, or negative constant scalar curvature surface, as k = 1, 0, and —1, respectively [111 ]. 
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In this section, we first consider the case without charge, namely F !W = 0. When g(r) = 0, the 



function /(r) describing a static black hole solution was found in 11 1 



where a = (d — 3)(d — 4)a and the integration constant m has a relation to the gravitational mass 
M of the solution 

(d-2)X k (l-4a/l 2 )m 
M = 64^5 • (5) 

In the limit of a — > 0, we have 

, , x , r2 16ttGM 1 

/Ads(r) = fc + ^-^-^--^3, (6) 

which gives the AdS-Schwarzschild black hole solution with positive, zero, or negative constant 
scalar curvature horizon, depending on k. On the other hand, in the large r limit, f(r) becomes 

from which we can read off the effective cosmological constant and effective mass 



1 / / 45 \ 1 M 




FIG. 1: The Behavior of the function f(x = r/\fa) in the case of k = 1, d = 5, and Z 2 = 1255. The curves 
correspond to the mass parameter m = 7n + n a 2 with n = 0, 1, ■ • ■ , 10, respectively from top to bottom. 

In Fig. 1 we plot the function /(r) in the case of d = 5 and k = 1. In this case, /(r) is a pure 

increasing function of r for r > 0. It approaches to the asymptotic form k + fi(l — v/ 1 — ^r~) for 

large r. The metric has horizon if m > 45 2 . Since the solution with M = is the AdS vacuum 
solution, there is a mass gap from the AdS vacuum to the minimal black hole with mass m = 45 2 . 
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when < m < 4d, the solution describes a spacetime with a deficit angle. When d > 5, the mass 



gap disappears. When k = or k = — 1, the mass gap also disappears. For more details see 11]. 

Now we consider the slowly rotating black hole solution with g(r) ^ 0. To the linear order 
of the parameter a, the metric function f(r) still keeps the form (j4|). On the other hand, the t<p 
component of equations of gravitational field leads to an equation for the function g(r) 

h '( W 2dr d ~ 1 +m{d + l) 

(logs(r)) = d — r — . 9 

It is interesting to note that this equation is independent of k. After explicit integration, we have 



^=- + <^W 1+ ^- (I0) 

where c\ and C2 are two integration constants. Now we fix these constants. Expanding (|10p up to 
the leading order of large r, one has 

^=( C ' + (^) + (5^T + -' ("> 

Comparing this with the large r asymptotic behavior of higher dimensional Kerr-AdS solution 
given in [aj, we find 



1 (d-l)Jl-Aa/l 2 



Then we obtain the function g(r) 




M-k{H i -Th2*y (i3) 

As a self-consistency check, we see that when a — > 0, the solution (|13p indeed gives the asymptotic 
behavior of slowly rotating Kerr-AdS solution 0] . 

For the slowly rotating solution, the horizon r + is still determined by the equation f(r) = 0, 
up to the linear order of the rotating parameter a. The coordinate angular velocity of a locally 
nonrotating observer, with four-velocity such that u ■ = 0, is 

n = -^=ag(r) = ^ll- X /l-^ll + z ^ T \. (14) 

In contrast to the ordinary Kerr black hole in asymptotically flat spacetime, the angular velocity 
does not vanish at spatial infinity in the present case. Instead, we have the expression 

"=o = ^fl-,/Tf)=f. (15) 

'cff 

We can see that only when / — > oo, the angular velocity vanishes at spatial infinity. This is a 
remarkable feature in AdS space. With a — > 0, we also get the correct Kerr-AdS limit. On the 
other hand, the angular velocity in (I14j) on the horizon turns out to be 

n* = -5. (16) 
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where we have used the fact that on the horizon f(r+) = 0. This velocity £Ih can be thought of as 
the angular velocity of the black hole. One can also define the angular velocity of the black hole 
with respect to a frame that is static at spatial infinity. We have 



I 2 

eft' 



+ 



ak 



(17) 



Apparently, this angular velocity will vanish for k = — 1 even for nonzero a when = 2a. 
However, this case will not happen since in the case of k = —1, the minimal horizon of black hole 
r^ in > 2a U|. It is just this angular velocity wh which enters into the first law of rotating black 
hole thermodynamics in AdS space 21]. 

The mass of the black holes can be expressed in terms of the horizon radius r_|_ 



M 



(d - 2)S fc r^ 3 
16vrG 



k + 



ak 2 



+ 



I 2 



(18) 



which is the same as the static one HI] . The angular momentum of the black hole is 



J 



2aM 
d-2 



aZ k r d + - 3 
8ttG 



k + 



ak 2 



+ 



I 2 



(19) 



The Hawking temperature of the black holes can be easily obtained by requiring the absence of 
conical singularity at the horizon in the Euclidean sector of the black hole solution. It is the same 
as the static case 



(d - l)r% + (d 



3)kl 2 r 2 + + (d 



2;2 



5)ak 2 l 



+ 2ak) 



(20) 



up to the linear order of the rotating parameter a, since the leading order of the parameter a 
enters into the gu metric component is second order, namely, a 2 . From the first law of black hole 
thermodynamics dM = TdS + tvndJ, one may easily see that the variation of the entropy is also 
second order in a. Therefore, to the linear order, the entropy expression will not be changed, the 



same as the static one ll|] 



S 



d-2 



AG 



1 + 



d-2 2ak 



d-A 



(21) 



III. SLOWLY ROTATING CHARGED GAUSS-BONNET BLACK HOLES IN ADS 

SPACE 

In this section, we consider the charged case. In this case, the action, field equations, and the 
metric ansatz are the same as in Eqs. (pQ), ([2]), and ([3|), respectively. In the case of a charged static 
black hole, the spherical symmetry of the metric and the flux conservation gives us the electric 
field 

-4 = ^ = 4^ (22) 
This gives the At component of electro-magnetic potential 

At = A7r(d Q 3)r^- (23) 



When g(r) = 0, the function /(r) describing a static charged black hole solution in d— dimensions 
is given by 0, 



^ = fc+ 2 fil 1 -V 1 -^V 1 + ^i 



4d 



/ 2 



~2d-4 



where the gravitational mass M and charge Q of the solution are 
M 



(d- 2)E fe (l -4a// 2 ) „ 7r(d-2)((i-3)(l-4a// 2 ) 2 
m, Q = 



(24) 



647rd ""' 2aG 

The general behavior of the function f(r) with respect to the variation of Q is given in Fig. [2l 




FIG. 2: The behavior of the function f(x = r/yja) for different q in the case of k = 1, tf = 5, / 2 = 15a, 
and to = 100a 2 . The curves corresponds to q 2 = 5(7n + n 2 )a 3 with n = 0, 1, • • • , 10, respectively from the 
bottom to top. 



The behavior of the solution is well analyzed in Ref. 131 ] . 

Since the black hole rotates along the direction it generates a magnetic field. To take into 
account this effect we add the vector potential 

= -aQc{r)h{6). (25) 

Then, the field equations of the electro-magnetic field d a (^—gF ab ) = 0, using the metric ansatz ([3]), 
lead to an equation for function c(r) 

(r d - A f(r)c'(r)Y - 2k(d - 3)r d - 6 c(r) = (26) 

47T 

Thus, once we obtain the metric g(r), we can get the differential equation of electro- magnetic 
potential c(r). In addition, up to the linear order of a, At still keeps the form (|23p . 

As the case without charge, to the linear order of o, the metric function /(r) will not get 
correction from the rotation, that is, the same as the static case. On the other hand, the tcf) 
component of the field equations decouples from c(r) and leads to an equation for the function g{r) 



^9\r))' = -l[lo g r^l + ^-^). (27) 
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Integrating this differential equation, we get a formal solution 

dr 



g (r) = ci - c 2 



C1 - i / — / 2 =- (28) 

m ^ r d 1 + -4 t 

x \ I 1 I ~d-\ 2d-i 



m a ~ L x 



n 2d-4 



When q = we can explicitly integrate this integral to get the result (jlOp given in the previous 
section 



2c2 / m 
g q =o{r) = ci + j- — -t— W 1 + 



(d — l)m V r o! i 

When q ^ 0, we are not able to give an explicit expression for g(r). However, since the charge q 
does not affect to the large r behavior of the solution, the constants c\ and C2 can be determined, 
which are to be the same as Eq. (|12h . and therefore the solution g(r) is 



1 / / 45 \ (d- 1)^1 - 4 «A 2 f 00 da; 



3/ T d h A r ^ 

x 4 / 1 T „d-l 2d-4 

2d-4 



m a— 1 x 



where y = — . The asymptotic form of g(r) is given by 



1 m^/l-f / m (d-l)g 2 
where g(r) approaches to We also can obtain small q approximation of g(r) 



2a \ V / 



«)--k l-Vl-fjl + i (30) 



4ar M " 5 ^l + r^/m 

On the horizon, up to 0(q 2 ), it is 



7d-ll 1 9d-ll 



= — 9" 



jfe g 2 V 1 - 45 / Z 



2 



i I /i _i_ /_d— 1 77 ( Id— 11 1 11 m \ 

mgVl - 4a/^ 2 ~ X + V 1 + m / r + /l^g^ip 2' 2f^TJ' 
^ri d ~ 5 ■h + r d + - 1 /m 



(31) 

Therefore, the angular velocity of horizon = ag(r + ) also gets the corrections of 0(q 2 ). As 
we see in Fig. [3l g (r+) increases as q increases. As a result, the angular velocity of horizon also 
increases with q for fixed r+. 

The function c(r) is obtained by solving the differential equation (|26p 



(r^ /c')' - 2k(d - 3y~*c = i±L^^H . 1 (32) 



167ra ^ /i i m _ _JL 

1 T T .2d-4 
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FIG. 3: The behavior of g(r) for different q with d= 5, I 2 = 15a, m = 100a 2 . q is taken to be 5(7 j + j 2 )a 3 
with j = 0, • • • 10 from the bottom to top, respectively. g(r) approaches to a constant — ^ ^1 — ^Jl — j£-^J 
in the large r limit. 



We find that c(r) can be written down as 

cW = - 4^V- 3 +,Mr> - <33) 
Note that here the first term is independent of k. The function e(r) satisfies 



1 "T „2rf-4 



We find that the leading term of e is of the form e(r) oc r M + 7 . Thus, in the large r limit, we 
arrive at 



1 y/j - 4d/Z 2 g 2 Z c 2 ff 

ClrJ ~ 4vr(d - 3)r d ~ 3 8vr(3d - 7) r 3 ^ 7 ' 

As a result, the electro-magnetic fields associated with the solution are 

F * = 4^3' F r4> = -aQc'(r)h(8), F H = -aQc(r)h' '(6). (35) 

The expressions for the mass and the angular momentum for this solution does not change through 
the introduction of charge Q since it does not alter asymptotic behavior of the metric. The magnetic 
dipole moment for this slowly rotating Gauss-Bonnet black hole is 

fj, = Qa. (36) 

Therefore, the gyromagnetic ratio is given by 

2fiM 



QJ 



d-2 (37) 



which depends only on the number of spacetime dimensions. The value is the same as the case 
without the Gauss-Bonnet term 22|. In conclusion, the Gauss-Bonnet term does not change the 
gyromagnetic ratio of the rotating black hole. 
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IV. SUMMARY AND DISCUSSION 

Starting from the non-rotating charged Gauss-Bonnet black hole solutions in anti-de Sitter 
spacetime, we have obtained the slowly rotating solution by introducing a small angular momentum 
and solving the equations of motion up to the linear order of the angular momentum parameter. 
If one chooses the metric g^ to be proportional to r 2 g(r), the equation for g(r) is much simplified 
as an integrable equation. The radial electric field is chosen so that the electric flux line to be 
continuous. The vector potential is chosen to have non-radial component = —aQc(r) sin 2 6 to 
represent the magnetic field due to the rotation of the black hole. Since the off diagonal component 
of the stress-tensor of electro-magnetic field is independent of c(r), the equation for g{r) decouples 
from c(r) and is integrable. 

As expected, our solution reduces to the slowly rotating Kerr-AdS black hole solution if the 
Gauss-Bonnet coefficient vanishes a — > 0. The expressions of the mass, temperature, and entropy 
of the black hole solution, in terms of the black hole horizon, do not change, up to the linear order 
of the angular momentum parameter a. The angular momentum is written in terms of a and the 
mass M of the black hole and the gyromagnetic ratio of the Gauss-Bonnet black hole is obtained. 
It is shown that the Gauss-Bonnet term will not change the gyromagnetic ratio of the rotating 
black holes. 
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